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Subiectul I (21 puncte)
Fie multimea M = {X € M,(C)|3k € N,k = 2,X* = 0,}.

a) Aritaticidaci X € M = X? = 0,.

b) Calculati det (I, + A + A%+...+A%%26) unde A € M.

¢) Studiati surjectivitatea functiei f : M, (C) - M,(C), f(X) = X202,
Solutie:

a) FieX € M = X¥ =0, = det(X) = 0 = (3 puncte)
S X2=tr(X) X = XK = (r (%) X2 > (er(X)) - X2 = 0, > X? = 0, (4 puncte)
b) FieAEM > A> =0, 1, + A+ A%+...+A4%0%6 = [, + A = det(I, + A + A%+... +A4%0%6) =
det(l, + A) = 1 + det(A4) +tr(l,) - tr(A) —tr(I, - A) = det(I;) =1 (7 puncte)

Solutie alternativa: Fie A = (Ccl b) LAEM=>A?=0,>A= (Ccl _b ) a’?+bc=0

d
det(ly + A + A2 +... +A2926) = det(l, + A) = |1 T @ 1_a|—1 az —bc =1
0) FieA:(_31 _93):>A2=02:> A€M c M, (C)

X)=A>X026=4/(0)%?=X?202%6=0,2XeEM=>X2=0,>X0%=0,24=0
2 2 2 2
(Contradictie) = f nu este surjectiva. (7 puncte)

Subiectul IT (21 puncte)

. o . n
Se considera sirul (x;,),»1 cu termenul general x, = ;(lzl—n2+n+k .
Calculati lim x,, si lim n(1 —x,).
n—oo n—oo
Solutie:
n? n? n?
< .Cum lim = lim =1= limx, =1 (7 puncte
n2+2n - Zk 1112+n+k nZ2+n+1 nooo N2+2n  poco n2+n+1 noo T ( p )
n
n(l—x —n(l— —) = ——— (7 puncte
( n) k=1p2 4104k 1( n2+n+k) k 1n2+n+k ( p )
n n+k n n+k <y n+k 3n+n n n+k 3n%+n
k=1p24on = Sk=1p2 n1p — “k=1p2041 2n2+4n — K=l 2 inak = 2n2+2n+2°
24n ) 3n+n 3 ) 3
Cum lim = = lim —————==-= lim n(1 —x,) == (7 puncte)
n-ooo 2N 2+4TL n—-oo 2n242n+2 2 n—oo 2
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Subiectul I1I (21 puncte)

a) Fie A, B € M,(R) astfel incat AB = BA. Aritati ci det(A4% + B?) =0

b) Dacd X € M,(R) si det(X) > 0 aritaticidet(X — I, + X 1) >0
Solutie:

a) Fie 4, B € M,(R) astfel incit AB = BA = A2 + B> = (A+ iB)(A—iB) =
det(A%? + B?) = det(4 + iB) (A — iB) = det(A + iB) - det(A — iB) = det(A + iB) - det(A + 1B) =
= |det(A + iB)|?> = 0 (7 puncte)

b) FieX € My(R)cudet(X) >0=>X -1, +X 1= )(-1()(2 X +1,) (4 puncte)
X-X1=I,>det(X) det(X 1) =1=det(X 1) = — t(X) >0 (3 puncte)
det(X — I, + X 1) = det(X_l(Xz —X+1,)) =det (X~1) -det (X*—X+1,) =
=det (X1 det ((X —31,)% + ( 21,)?) 2 0 (7 puncte)

Subiectul IV (21 puncte)

Fie un sir de numere reale (an)n21, pentrucare a; > 1si a1 = 1/an(l + 1/an) — 1 pentru orice n €

N*. Calculati lim Jan si lim = —+dn

n-ooo N nosoeo nlnn ’

Solutie:

e a,>1, VYneN" (2puncte)

o a1 = Jan(1+/an) — 1= apys —an =-Ja, — 1> 0= (a,)ps strict crescitor.
Presupunem ci (a,),»1 este marginit = (a,),»; convergent = lim a, =l € R = [ =

n—oo

VI+1—1=1=1imposibil = lim a, = oo (3 puncte)

a a
o il 41 Lo jm i —1 (1 punct)
an Van an n-oo an
Stolz—Cesaro

_Qn41—An -1
o lim¥®———— lim Ja —.a,) = lim = lim =2 =
n—-oco N n—>oo( n+1 n) n—oo /An+1t+./an n—oo +/ant1t+/an

Jan(1-——=)
lim fm = % (5 puncte)
n—nnvﬁfk _ﬂil+1)

e lim n?-4-a, lim (n-2/a)(n+2/ay) - lim n-2an n+2an _ —lim n—Z\/a.
n-oo nlnn  npnooo ninn n-ooo Inn n n-ooo Inn
(1+2 g)IL (3 puncte)

. n-2fa, Stolz—Cesaro 142 [ay,-2[an;; .. n-(l—z(w/anﬂ—\/a_n))_
* 1111_1)130 nn 7111_1)?0 In(n+1)-Inn _1lll_r>rc}o ln(1+1—11)n -
a a Jan-
- lim ( B ‘12:1*‘ 2n) = lim ( an+1+t an) im n(x/an+1+m 2\/Cl_n+2)
Mol (i) b (1) o (1) (Jant yan
lim n'(\/an+1—(m—2)) - lim (an+1—(\[a_n—2)2) _
n=0 in(142) (Jamer @) 2 in(142) (e @) (Jani+/an-2)
lim n-(ans1—an+afan—4 ) —lim n(Jan—1+4Ja,-4 )
n-oo ln(1+ ) (an+1+/an)(Yans1+/ap—2) no® ln(1+ ) (an+1+yan)(Yans1+/an— 2)
. $n (/2 -1)
n—-oo ln(1+ ) (an+1+yan)({ans1+/an— 2)
. Sn 2(@‘%) 5 5
lim > = L=5-2=5 (7 puncte).

n+1 n+1

n—oo ln(1+%)nn2(‘/an+1’ \/a)(\/anﬂ, I\/Z_n 121) -



